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Abstract 

A novel gravity theory based on Poisson Generalized Geometry is investigated. A gravity 
theory on a Poisson manifold equipped with a Riemannian metric is constructed from a 
contravariant version of the Levi-Givita connection, which is based on the Lie algebroid of 
a Poisson manifold. Then, we show that in Poisson Generalized Geometry the i?-fluxes are 
consistently coupled with such a gravity. An i?-flux appears as a torsion of the corresponding 
connection in a similar way as an iJ-flux which appears as a torsion of the connection for¬ 
mulated in the standard Generalized Geometry. We give an analogue of the Einstein-Hilbert 
action coupled with an i?-flux, and show that it is invariant under both /1-difFeomorphisms 
and /3-gauge transformations. 
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1 Introduction 

Poisson Generalized Geometry (PGG) [Tl[2] is a variant of Generalized Geometry (GG) [3H5] in 
the sense that it shares the same bundle TM 0 T*M, where TM and T*M are tangent and 
cotangent bundles of a manifold M, while the roles of vectors and 1-forms are exchanged in 
PGG. The bracket used in PGG defines a type of Courant algebroid, which has its basis on a 
Lie algebroid {T*M)g of a Poisson manifold M [6H8]. 

The symmetry of the Courant algebroid of PGG consists of /3-diffeomorphisms and /3- 
transformations, following the terminology introduced in [^ liofi An R-flux, i.e. a totally anti¬ 
symmetric tensor of type (3,0), naturally arises in this framework as an Abelian field strength 
associated with a twisting by local /3-transformations [T]. However, it is not yet clear that this 
flux can actually be interpreted as the “R-flux” which is one of the non-geometric fluxes argued 
in physics literature [IIHIS]. In order to clarify this point, we investigate in this paper a con¬ 
struction of gravity theory coupled with the R-flux of PGG, since the non-geometric fluxes are 
considered mainly in the context of gravity theory coupled with them. 

^ Strictly speaking, the /?-diffeomorphism defined by the authors PnU] is different from our definition. See [J. 
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In the framework of GG, the underlying Riemannian geometry for a gravity theory coupled 
with an H-Rux is investigated [HHis]. It turns out that the resulting gravity is merely a lift of 
the usual general relativity, i.e. it is based on the Levi-Givita connection on the tangent bundle 
TAI, and the H-Rux is incorporated as a torsion part added to this connection under the lift. 
Eventually, it turns out that it is the same as the NS-NS sector of supergravity theory, whose 
action is invariant under the symmetry of GG, that is, diffeomorphisms and i?-(field) gauge 
transformations. 

In analogy with GG, it is natural to expect that a gravity theory in PGG has similar struc¬ 
tures to that in GG. Namely, it has been suggested that the gravity theory would be a theory 
invariant under /3-diffeomorphisms and /?-gauge transformations. To show this, it is first re¬ 
quired to formulate a “general relativity,” which is invariant under /3-diffeomorphisms on a 
Poisson manifold, because no well-accepted theory of gravity of such kind has been known at 
least in the physics literature. Following mathematical literature [IMl], we construct such a 
gravity based on the Lie algebroid {T*M)q of a Poisson manifold, by replacing the Levi-Civita 
connection with its contravariant analogue. We then extend this construction to that in PGG 
coupled to an R-flux by applying the same strategy as used in GG [HHis]. We show that an 
i?-flux appears as a torsion part added to the contravariant analogue of the Levi-Civita connec¬ 
tion under the lift, in a similar manner as it is done in the case of an Lf-flux. By introducing 
an appropriate integration measure, we obtain an Einstein-Hilbert-like action for this gravity 
theory invariant under both /3-diffeomorphisms and /3-gauge transformations. In this paper, we 
assume that the spacetime metric has Euclidean signature, though the extension to Lorentzian 
signature is straightforward. 

The organization of this paper is as follows. In section 2, we study a Riemannian geometry 
that is compatible with a Poisson structure. In section 3, a construction of gravity theory 
based on Poisson generalized geometry in the presence of an R-flux is investigated. In section 
4, we summarize this paper. Comparisons with other approaches are also discussed. Since our 
constructions are analogous to those of nms], we give a short review on them in appendix A. 
Appendix B is devoted to the computational details. 

2 Riemannian geometry on Poisson manifold 

The standard general relativity is based on Riemannian geometry, more precisely, it is based 
explicitly on a Riemannian metric on the tangent bundle TM of a manifold M, and thus implic¬ 
itly also on structures of the TM as a Lie algebroid. Then, if the underlying Lie algebroid TM 
is replaced by a different Lie algebroid {T*M )0 as introduced below, the subsequent geometrical 
objects, such as connection, torsion, curvature etc., are also replaced. 

More generally, in order to formulate a gravity theory associated with a Lie algebroid A, we 
need the following materials: 

1. a Lie algebroid A as an infinitesimal symmetry, 

2. a differential algebra (r(A*A*), A, as a differential calculus. 
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3. a Riemannian metric on A, 

4. an affine ^-connection V : r(^) —> r(^* (S) A) on the vector bundle A^ 

5. a torsion and a Riemann curvature tensor of the affine connection V, 

6. a notion of A-tensor fields, together with their transformation properties under A, 

7. an invariant measure with respect to the symmetry A, 

8. an Einstein-Hilbert like action. 

The first two objects in the list, 1 and 2, are well-known (see for example [23]), and the objects 
in 3-5 have already been studied in mathematical literature [IMS]. 

In this section, we review the formalism for the case of ^ = {T*M)q, emphasizing a physicist’s 
viewpoint and give a study of A-tensor fields listed in point 6. The remaining two points, 7 and 
8, will be studied in the next section. 

2.1 Lie algebroid on a Poisson manifold 

Let M be an n-dimensional Poisson manifold equipped with a Poisson bivector 9 € r(A^rM). 
Here, 6 satisfies the Poisson condition [9,6]s = 0, where [•, is the Schouten-Nijenhuis bracket. 
A Lie algebroid of a Poisson manifold [23| is defined by a triple {T*M, 9, where T*M 

is the cotangent bundle over M, the anchor map 9 : T*M ^ TM is defined by the Poisson 
bivector as 9{^) = 1^9, for ^ e T{T*M), and the Lie bracket is defined by the Koszul bracket 

[^, r]]e = - ie{'q)di. ( 2 . 1 ) 

We denote this Lie algebroid {T*M, 9, [•, -Je) as {T*M )0 for short. 

We can define an exterior derivative as dg = [9, ■]s on the space of polyvectors r(A*rM), 
which is nilpotent dg = 0 due to the Poisson condition. For a function / £ its action 

yields the Hamiltonian vector field: 

def = [9,f]s = -9{df). (2.2) 

The actions of the “Lie derivative” Cq with ^ £ r(r*M) on a function /, a 1-form ^ and a vector 
field X are given b}{§ 

^cf ■= kdef, 

■= [C)^]e, 

Ci^X := {dgl(^ + T,^dg)X, (2-3) 

respectively. These operations satisfy the following Cartan relations on the space of polyvectors 
r(A*TM) 

0, {dg,I^} 0. (2-4:) 

With the use of these operations, a differential geometry based on the Lie algebroid (T*M)g 
(instead of TM) can be considered on a Poisson manifold. 

® We use the symbol “ to distinguish the operations of differential calculus induced by 1-forms from the usual 
ones induced by vector fields. For example, denotes the “interior product” of a 1-form L 
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2.2 Contravariant Levi-Civita connection 


In this section we study Riemannian geometry compatible with a Poisson structure, following 

[IMI]- 

Let M be a Riemannian manifold as well as a Poisson manifold with local coordinates {x*}, 
and G be a “Riemannian metric” on the cotangent bundle T*M, i.e. G defines a positive-definite 
bilinear form on the fiber of T*M. Using the coordinate basis of 1-forms {dx^}, the bilinear 
form is locally written as 

G{C,r]) = G^^C,r^j, (2.5) 

for any 1-forms r/ G r(T*M), where := G{dx^,dx^). Its matrix inverse Gij, i.e. GijG^^ = 
5f, defines a metric on the tangent bundle TM, so that G~^ is an ordinary Riemannian metric. 

Contravariant connection Since we regard the Lie algebroid (T*M )0 as a fundamental 
object of the geometry of our interest, the notion of a connection is changed as follows HD- 
Let Li be a vector bundle over M. A contravariant connection on Li is a linear map V : 
r(Li) — T{TM ® E) satisfying 


V{fs) = def®s + fVs, (2.6) 

for any section s G r(Li) and function / G G°°{M). This is a generalization of the exterior 
derivative dg so as to act on a vector bundle E. We refer to Vs as the contravariant derivative 
of s. 

Contravariant alRne connection In particular, a contravariant connection on the cotangent 
bundle E = T*M should be called a contravariant affine connection. This is also understood as 
a bilinear map V : T{T*M) x r(T*M) — )• r(T*M); (^,? 7 ) i—>• such that, for any 1-forms 

T] and function /, 


V/^r? = /V^r,, V^(/7?) = (4/)r/ + /V^r?. (2.7) 

The point is that the argument ^ in the directional derivative is given by a 1-form. The 
connection coefficients with respect to the coordinate basis {dx*} are defined through 

V^^.dx^ = f'^dxK ( 2 . 8 ) 

Hence, together with ()2.7p . we have 

V^r/ = (2.9) 


for ^ and rj = rjidx^ in local coordinates {x*}. It is worth comparing the formulae above 

with those obtained in the tangent bundle TM by using an ordinary affine connection Vx and 
connection coefficients Vidj = ^^jdk with respect to the basis vectors {5*}. 
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Contravariant torsion The torsion of a contravariant affine connection V is defined by 


= Vgr/- (2.10) 

for any 1-forms ^ and rj. Since it is manifestly skew-symmetric and satisfies 

n/e,r?) = /r(e,r?)=r(C,/r?), (2.11) 

T is a tensor in r(A^TM (g) T*M). We call T the contravariant torsion. 

Contravariant Levi-Civita connection In the usual Riemannian geometry, the Levi-Civita 
connection V on the tangent bundle TM is a unique torsion-free metric connection. In an anal¬ 
ogous way, a contravariant affine connection V is called a contravariant Levi-Civita connection, 
if it is compatible with the metric and torsion free: 

0 = C) + G(r?, VgC), (2-12) 

r(e,r?) = 0, (2.13) 

for arbitrary 1-forms ij and C- 

We show that the contravariant Levi-Civita connection on T*M is uniquely specified by the 
Koszul formul [MSI] 

2G(V^r/, C) = 0(0 • G{v, 0 + 0{r]) • G(0 C) - 0(C) • G(0 v) 

+ G{[(,^]g,r]) + G([C, C) + G([C) vhX)- (2-14) 

Through this formula, the connection is determined only by the Riemannian metric G on T*M 
and the information of the Lie algebroid {T*M)q (i.e. the anchor map and the Koszul bracket). 
In local coordinates, with the use of (12.81) . the formula ()2.14p yields 

^ + G^'^diO^K (2.15) 


where 


G{Vdxidx\dx^) = G{V^dx\dx^) = 

0(dO) • G{dx^,dx^) = O'SzG^'O 

G{[dx'^,dx%,dx^) = G{die^^dx\dx^) = G'-^diO^K (2.16) 

By acting G^'k on both sides of (I2.15P and rewriting k' to k, it is reduced to 

= ^Gnk (0*'9/G^” + 0^''5/G*^ - e'^^diG^^ + G^^diO^^ + . (2.17) 

In contrast to the usual Christoffel symbol that is specified only by the metric, the contravari¬ 
ant Christoffel symbol T^ p2.17l) is determined by both the metric and the Poisson tensor. 

®For a proof, see Appendix m 
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Note that the condition of compatibility with the metric (12.121) written in local coordinates 
implies 

= 0. (2.18) 

This equation will be rewritten in a more familiar expression V = 0 in ^2.31 The torsion- 
free condition (12.131) in terms of components indicates 

= ^k -H' = ^- ( 2 - 19 ) 

Thus, it implies that the anti-symmetric part of the contravariant Christoffel symbol should not 
vanish 


= ( 2 . 20 ) 

This is a consequence of the non-vanishing Lie bracket [dx^,dx^]g = dkO^^dx^ of the coordinate 
basis, which is a significant difference from the ordinary Christoffel symbol T^^ using the standard 
Lie algebroid TM, where [di , dj]TM = C0. 

Contravariant cnrvature The curvature of a contravariant affine connection V is defined by 

R{^,V)C = - ( 2 - 21 ) 

where ^,r] and C £ r(T*M). It is easily shown that R is tensorial since it satisfies 

R{f^,gv)ihC) = fghRiC,v)C, (2.22) 

for any function f,g and h. Thus it defines a map R : r(T*M) (g) T{T*M) —)• End(T*M) and 
we will refer to it as contravariant curvature (Riemann) tensor hereafter. 

For this curvature, together with the torsion T, the following Bianchi identities hol(J§: 


6{R(e, g)C} = ©{(Vcr)(C, r?) + f (r(^, g), C)}, (2.23) 

e{(VcR)(e, v) + v)X)} = 0, (2.24) 

where 6 denotes the cyclic sum over g, and C, e.g. &{R{^, g)C} = R{C, 

In local coordinates, the components of the curvature are read off from R{dx^,dx^)dx^ =: 
R^^^ dx^ and then we have 

^kij ^ girng^Yj’^ _ gjmQ^fik _ g^gijff + f( 2 . 25 ) 

where are connection coefficients, and are in particular given by (|2.17p for the case of the 
contravariant Levi-Civita connection. 

^Tiie anti-symmetric part does not vanisii in general for a non-holonomic frame Ca = of TM. 

®See Appendix m for these derivations. 
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A contravariant analogue of the Ricci tensor is defined by contracting an upper index with 
a lower one: 

(2.26) 

and an analogue of the scalar curvature is defined by taking the contraction between the metric 
G and the analogue of the Ricci tensor 

R := GkjR^R (2.27) 


2.3 Tensor calculus 

In a geometry with an ordinary affine connection V of the tangent bundle TM, the covariant 
derivative has a canonical extension that can act on any type of tensor field. A tensor field T of 
type (r, s) is a section of the tensor bundle (8) , which is also characterized by 

the transformation rules under diffeomorphism^. The covariant derivative V is by definition a 
covariant object, in the sense that V^T is an (r, s)-tensor field, if so T is. These facts serve as 
the basis of the tensor calculus. 

In this subsection, we give similar arguments in the case of a contravariant affine connection. 

Tensor fields We first need to introduce an appropriate notion of tensor fields. Fortunately, 
an ordinary tensor field T is automatically a tensor held for the contravariant case. This is due to 
the fact that the notion of tensor bundles is unchanged. Thus, for example, the contraction of a 
vector held X and a 1-form r], Ixf] = X^rjj, is a scalar held, as usual. However, the inhnitesimal 
transformation characterizing a tensor held is now given by the action of the Lie derivative 
generated by any 1-form C. We call them /3-diffeomorphisms according to [T]. 

By rewriting (|2.3p in terms of local coordinates, we hnd that a vector held X and a 1-form rj 
transform under a /1-diffeomorphism generated by C, (here we denote d* = 9^Wj), respectively, 
as 


= Ckd^x^ + dXiX' + die^XkX\ 

= Ckd'^Vj - d^CjVi - djO^'^Ckm- (2-28) 

These formulae are also understood in more conventional way as follows. 

The /3-diffeomorphism acts on a coordinate function x* as 

= -ic_e{dx^) = e{c, dx^) = e^Xk, ( 2 . 29 ) 

so that the hrst term of each equation in (12.281) comes from the shift of the argument x* 

X* — O^^Ck- It acts also on the coordinate basis dx* of T*M as 

£^dx* = [C,dx*]6) = ([C, da:*]6»)jdx-^, (2.30) 

^As a transformation rule, we may either use a general coordinate transformation (passive) or a diffeomorphism 
(active). See a nice lecture [24] on this point. 
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so that the matrix M{Q of the change of basis in dx* —)• dx* + M{Qy-dx^ is given by 

M(C)j = ([C,dx», = -(9*Ci + (2.31) 

The remaining terms in ()2.28p are exactly the result of this change of basis, since they are 
rewritten in terms of M{(^) as 

C(;X^ = Qkd^X^ - M{C)ix\ 

C(;rjj = Ckd% + M{Cyjrji. (2.32) 


Thus, there are two familiar contributions to the change of vectors and 1-forms under an infinites¬ 
imal /3-diffeomorphism (12.28^ : One is the shift of the argument and the other is the tensorial 
factor, as in the case of an ordinary infinitesimal diffeomorphism£§. 

With this observation, an extension to characterize tensor fields is canonically achieved: An 
(r, s)-tensor field T transforms under the above ,0-diffeomorphism as 




p=l 


(2.33) 


<?=! 


Note that the roles of upper and lower indices are switched and there appear relative signs, as 
compared to the ordinary transformation law of an (r, s)-tensor field T under diffeomorphism. In 
spite of such differences, the notion of contraction between upper and lower indices of tensors still 
works, since only the indices that are not contracted determine the transformation properties 
under /3-diffeomorphisms. For instance, X^rjj transforms as a scalar field 


kiX^m) = (CfcS'W - M{Oix% + X^iCkd'^rj, + MiCY^rji) 

= Ckd\X^r]j), 


(2.34) 


and G^^rjj transforms as a vector field, and so on. 


Contravariant derivative The actions of the contravariant derivative of an affine connection 
on the components of a vector field, X*, and a 1-form, r/j, are written by 

= a (sS, + ff 77,), 

VcX* = CkVd.^X^ = Ck [d'^X^ - ffx^) , (2.35) 

respectively. The former comes from the connection on T*M, given in (12.91) . The latter comes 
from the induced connection on the dual bundle TM, which is determined by the compatibility 
of the contravariant derivative with the contraction: 


CdX^r,j) = {X^X^)rj,+X^{X^rjj). 


(2.36) 


Note that in the ordinary case, the shift x* —^ x* -|- e* and the change of basis dx* - 
essentially the same because of [Ct, d] = 0, while in our case they are not due to [T^, d] yf 0 


dx* -I- dit dx^ are 







From the formulae (|2.35l) . the action of the contravariant derivative is straightforwardly 


extended to an (r, s)-tensor field 


70 : 


^ 3r"3s 


jl‘"js 


E Y\klprpi-i---l---ir I \ T^klrpii-'-ir 
p=l q=l 


3s 


(2.37) 


Note again that the indices’ structures are flipped and the relative signs appear as compared to 
the case of the usual covariant derivative. In the case of the contravariant Levi-Civita connection, 
the connection coefficients are specified by (j2.17jl . 

By definition, should transform as components of a 1-form. In order to achieve this, 

the connection coefficients are found to transform under the /3-diffeomorphism not as a tensor 
but as 


S(-rf = + M{c)’;rf - M{c)irf - M(c)irf - 5 *m(c)^-. (2.38) 

For details, see Appendix[Bj The first term comes form the shift of the argument, the three terms 
in the middle are the tensor factors, and the last term is a non-tensorial factor, peculiar to the 
connection coefficients. By using this property, it is possible to show that the contravariant 
derivative of any other tensor V^Tb.'.'T transforms as an (r, s)-tensor again, see Appendix iBl 

Contravariant derivative of G and 9 There are two characteristic tensor fields and 9^^ 
in the present formulation. It follows from (j2.37p that the contravariant derivative of the metric 
reads 


= 9^^diG^'^ - - f^G^^ (2.39) 

As mentioned in (I2.18p . it automatically vanishes, i.e. V= 0, for the case of the con¬ 
travariant Levi-Civita connection (|2.17l) . owing to the metric-compatibility condition. 

The contravariant derivative of the Poisson tensor is 

= 9^^di9^^ - - ri'^9^^, (2.40) 

which does not vanish even for the case of the contravariant Levi-Civita connection. However, 
permuting the indices of (|2.40l) cyclically and taking their sum, we see that 

= 0, (2.41) 

with the use of the Poisson condition 9'^'^'^8^9^^^ = 0 and (I2.20p . This result is not an accidental 
one but is a consequence of the torsion-free condition, as seen below. 

In general, the exterior derivative dg acting on any polyvector can be written in terms of a 
contravariant affine connection V, if it is torsion-frea^u. For example, for a vector field X, we 

^^For a detailed analysis, see appendix [B] 

There is a similar statement for the case of de Rham’s exterior differential d and an affine connection V 
acting on differential forms. 
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find 


deXiC, v) = 0(0 • X{v) - 0(0 • X(0 - X([e, v]e) 

= (v^x)(0 + x(VgO - (v,x)(0 -x(v^o -^([000 
= (v^x)(0 - (v,x)(0 + x{V^v - - [000 

= (V^X)(0 - (V,X)(0, (2.42) 

where in the first equality we used the definition of de, and in the last equality we made use of 
the torsion-free condition. Similarly, for 6 S r(A^TM), we have 

deO{^,'n,C) = 0(0 • d{r],C) + 0{v) ' 0(C,O + 0(0 • 0(0?/) - G{[C,v]e,C) - d{[nX]e,C) - 0{[C,C]e,r]) 
= (Vc0)(?/,O + (v,0(C,0 + (Vc0)(OO 

+ 0(V^?/ - - [0 v]9 ,0 + 0(V^C - Vc?? - h C]^^,0 + 0(Vce - V^C - [C, C]e,v) 

= (V 50 )(r?,O + (V,0(C,0 + (Vc0)(OO- (2.43) 

This means, in components, that 

deO = A 9. A 9, (2.44) 

Thus, the Poisson condition [0,9]s = 0, in terms of components, = 0, is equivalent 

to ()2.4ip as mentioned above. 


2.4 Ordinary Levi-Civita connection as contravariant afRne connection 

Before closing this section, here we give a possible interpretation of the contravariant Christoffel 
symbol T^ (I2.17p . by rewriting it in terms of the ordinary Christoffel symbol T^^. This rewriting 
is possible, since the derivative of the metric G can be written as 

= (2.45) 

using the ordinary Christoffel symbol . Substituting (j2.45p into the formula of the contravari¬ 
ant Christoffel symbol (I2.17p . we find 

+ ( 2 . 46 ) 

Here, we introduced a tensor defined by 

Kk^^ = GknK^"\ = i , (2.47) 

where V denotes the ordinary Levi-Civita connection and the raising and lowering of indices is 
done by the metric G as usual, e.g. V® = G'^^Vj. 

In eq. (I2.46p . T^km ordinary Christoffel symbol associated with the directional derivative 
VX along a vector field X G T{TM). However, if X = 9{^) for some 1-form C, G r(T*M), 
then Vjv = V 0 (^) might also be regarded as a contravariant derivative in the ^-direction. The 
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combination appearing in (12.461) is indeed understood in this way. That is, V 0 (.) defines 

another contravariant connection [18], and the formula (|2.46p indicates the difference between 
the two contravariant affine connections 

V 0 (.)=V + K. (2.48) 

For example, we have 

V 0 (g)X = VgX + K(C,X), 

V0(g)7? = Vgr/ + i^(^,r/). (2.49) 

In general, the difference of any two contravariant affine connections should be an endmorphism¬ 
valued vector field. Thus should be a component of the tensor K e T{T*M ®TM ® TM). 

In particular, since V is the contravariant Levi-Civita connection, the difference K should be 
referred to as a (contravariant version of the) contorsion tensor. In fact, we can compute the 
contravariant torsion (| 2 . 1 Up associated with the contravariant affine connection as 

v) = - '^0(7?)C - K, vh 

= - [C, rj]e + K{C, ??) - K{r^, () 

= Ki^,7j)-K{ri,C), (2.50) 

which is in components 

tI^ = (2.51) 

Thus, the relation between the contorsion tensor K and the torsion tensor T is obtained as 

usual. 

In constructing a gravity theory in the present framework using contravariant connections, 
the theory based on the contravariant Levi-Civita V would correspond to the contravariant 
analogue of Einstein’s general relativity, while the theory based on the metric affine Ve(.) cor¬ 
responds to a contravariant version of the Einstein-Cartan theory of gravity, equipped with a 
torsion. 

On the other hand, the relation (I2.46P could provide another description of our current frame¬ 
work from the viewpoint of the ordinary framework using covariant connections: a deformation 
of general relativity by a matter field 0®-^. Let us rewrite the contravariant curvature tensors in 
the previous subsection by using (I2.46p . After some lengthy computation, see appendix [B] we 
obtain the contravariant Riemann curvature as 

^kij ^ ^ Qnjy^yk _ gniy^j^jk ^ (2.52) 

where denotes the ordinary Riemann curvature tensor made out of the metric G. By using 
the expression (|2.52p , the contravariant Ricci tensor and the scalar curvature are also written as 

j^kj ^ _ yyljynk ^ gnj^y^k _ gny^j^jk ^ 

R = (2.53) 
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Thus, the appearance of these expressions in an ordinary gravity theory snggests the existence 
of a dual description based on a contravariant connection. 

As a particular case, when the contravariant contorsion tensor vanishes, = 0, the 

contravariant cnrvatnres reduces to the Riemann curvature, up to a multiplications by 6. This 
happens if = 0, i.e. the Poisson tensor is covariantly constant. This is because the 

requirement = 0 implies that 


yn0ij ^ yiQjn yiQin^ ( 2 . 54 ) 

By noticing that the left-hand side is skew-symmetric under the interchange of indices 
whereas the right-hand side is symmetric, it follows that = 0. This class of geometry 

is studied in [MSI] under the name of a Riemann-Poisson manifolc0. This is realized, for 
example, when the manifold is equipped with a Kahler structure, where the Poisson tensor is 
induced by the corresponding symplectic form. 

3 Gravity theory based on Poisson Generalized Geometry 

In this section, we address the construction of a gravity theory on a Poisson manifold in 
the framework of the Poisson Generalized Geometry (PGG) [T], where the Courant algebroid 
{TM)q 0 {T*M)g is the main object under consideration. Applying Hitchin’s constructions of 
a Generalized Riemannian geometry for the standard Courant algebroid TM 0 T*M US] to 
our case, we show that the connection, the curvature, etc. can be constructed in an analogous 
way. In particular, the R-flux formulated in PGG [T] appears as a torsion, similarly as the 
R-flux does. After investigating an invariant integration measure, we will give an analogue of 
the Einstein-Hilbert action on a Poisson manifold. For reference purposes, we give a brief review 
on related issues of m in appendix [Al 

3.1 Courant algebroid (TM)o©(r*M)e 

Consider a vector bundle TM 0 T*M equipped with a canonical inner product defined for any 
vector fields X, Y and 1-forms rj with X + ^,Y + rj £ T{TXI 0 T*M) as 

{X + C,Y + ri) = ^{l^Y + lr,X), (3.1) 

with an anchor map p '.TM ® T*M TM 

p{x + o = e{i), (3.2) 

and a skew-symmetric bracket 

[X + i,Y + p\ = [i,p\e + C^Y - Cr,X -]^demY -l^X). (3.3) 

the literatures, the author’s definition D-k = 0 is equivalent to = 0. 
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Then the quadruple (TM 0 T*M, (•, ■),p, [•, •]) defines a Courant algebroid, which we denote as 
{TM)q 0 {T*M)q for short. Its fundamental properties were investigated in [T] under the name 
of a Poisson Generalized Geometry. There are two kinds of transformations in this algebroid: 
/^-transformations 

e^X + £)=X + i + i^/3, (3.4) 

where /3 is a bi-vector j3 G and the /3-diffeomorphisms 

e^^{X + i) = e^^X + e^^i, (3.5) 

which is generated by any 1-form C, G T{T*M). A ^^-transformation implies the relation 

[e^{X 0 ^), e^(y 0 ry)] = ([A 0 T 0 77 ] 0 ^l^d0/3). (3.6) 

Thus the /3-transformation is a symmetry of the bracket if (3 is de-closed. In particular, we call 

a /3-transformation as a /3-gauge transformation if /3 is de-exact. For more details, see [t|^ . 

It is shown that the bracket ()3.3p satisfies the following relations 

[u, fv\ = f[u, v\ 0 {C^f)v - {def){u, v), (3.7) 

£^{v,w) = ([ti,u] 0 de{u,v),w) 0 (u, [u,w] 0 do{u,w)), (3.8) 

where u = X + ^, v = Y + r], w = Z + (E {TM)o 0 {T*M)g, and / is any smooth functiorl^. 

They stem from (combinations of) the axioms of a Courant algebroid |25(I26|. For their proof, 
see appendix [BJ These properties are crucial in defining a connection which is compatible with 
0(n, n)-invariant inner product (•, •) as we shall see in the following subsection. 

i?-flux In [T], an i?-flux is defined as a dual analogue of an id-flux [271128] in TM 0 T*M. It 
is a trivector R G r(A^rM) and is an Abelian field strength associated with the local /3-gauge 
symmetry. The ii-flux is written locally by a set of gauge field bivectors /3 q, G T{/\^TUa) as 

R\ua = dofia-, (3.9) 

on an open set Ua of M. Note that a /3-gauge transformation /3 q, (da + deh-a keeps R invariant. 

An ii-fiuJ^ is used to deform the structure of the Courant algebroid {TM)q 0 {T*M)g, 
which is called an i?-twisting. On one hand, R defines an i?-twisted Courant algebroid E which 
satisfies the exact sequence 


0 ^ {TM)o ^ {T*M)e 0, (3.10) 

The condition = 0 for is needed to preserve the anchor map, but it is not required in the following 
argument. 

^®Note that in (13.81) the right-hand side seems to depend on both vector field X and 1-form although the 
left-hand side depends only on 1-form T We can show, however, that the terms involving X in the right-hand 
side cancel and thus the right-hand side is independent of X. 

^®More precisely, its class is in the third Poisson cohomology [7?] G Hg{M). 
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with the same bracket as (13.31) . On the other hand, R defines a Courant algebroid (TM 0 
T*M, (•, ■),p, [•, -J/j) with the i?-twisted bracket 

[X + C,Y + rj]R = [X + ^,Y + p] + (3.11) 

It is shown in [T] that these two deformations are equivalent, that is, there is an isomorphism 
ip : TM (B T*M —)• of Courant algebroids, which comes essentially from the local version of 
the formula (|3.6p . In the following, we adopt the latter description of the ii-twisting. When 
an i?-flux is present, we still denote the Courant algebroid as {TM)q 0 {T*M )0 but with the 
f?-twisted bracket (13.lip . 

Since the definition and the appearance of an ii-flux are analogous to those of an H-Rux in 
standard GG, we expect that an i?-flux plays a role analogous to the one of an i7-flux in the 
gravity theory. 

3.2 Generalized Riemannian structure 

As in the standard Generalized Geometry, a generalized Riemannian structure is defined as a 
maximally positive-definite subbundle G+ of the bundle TM 0 T*M, where the positivity is 
defined with respect to the inner product (j3.ip . Together with its orthogonal complement C-, 
we thus have TM (B T*M = G+ 0 C^. 

In general, the subbundles C± are given by graphs associated with maps ±G + f3 : T*M — )• 
TM 

C± = {i + {±G + m)\^&T*M}, (3.12) 

respectively [T]. Here the symmetric part G of the maps is a Riemannian metric on T*M, since 
the inner product of elements in (7+ reduces to the Riemannian metric on T*M, as {^ + {G + 
/3){^),ri + {G + I3){r])) = G{^,r]). The skew-symmetric part (3 G r(A^TM) is a bivector on M. 
We can simplify an argument concerning this bivector /3, by recognizing (I3.12p as the result of 
performing a /3-transformation (|3.4p on the bundle 

G'^ = {i± G(0 I C G T*M}. (3.13) 

According to the formula (13.6p . there is an isomorphism between these two Gourant algebroids, 

: G'j^ 0 C(_ —C+ 0 G-, where the bracket of the former is [X + ^,Y + rf\Rj^dgp- Thus, by 
redefining the /3-gauge potential as /3 q ^ /3q, 0 /3 on each open set Ua-, the effect the bivector 
/3 is absorbed into a replacement of the R-twisted bracket. In the same manner, a further /3- 
transformation with = 0 might also be absorbed into a redefinition of the bracket, but it 
does not change the bracket at all. This is understood as a gauge transformation of the /3-gauge 
potential. 

In this way, a choice of a Riemannian metric G on T*M is translated into a choice of the 
subbundle G'j^ of the form (13.131) . which we denote (7+ hereafter, omitting the prime. Note that 
this observation, together with the replacement of the bracket with the twisted bracket, plays 
an important role in the construction of the gravity theory on the standard Gourant algebroid 
TM®T*M [I5]. 
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Projections and lifts In order to represent the sections of the subbundles C±, we introduce 
two kinds of maps m. which we call projections and lifts. We define the lifts ^ : r(r*M) —)• 
r(C'±) and : T(TM) —> r(C-i-), respectively, by 

e±:=e±G(0, X^:=X±G-\X), (3.14) 

for any 1-form ^ and vector field X. In the latter, we used the fact that C± are also written 
as C± = {X ± G-^{X) I X e TM}. The projections 7r± : r(TM © T*M) r((7±) are 
canonically defined. By noting tt±{X) = ^7r±(X + G~^{X) + X — = ^(X ± G“^(X)), 

and 7r±(^) = + G{^) + ^ — G{^)) = ± G(^)), the projections are written in terms of 

the lifts as well: 

vr±(X + e) = ^(X± + e±). (3.15) 

3.3 Contravariant connection, torsion and curvature 

In this subsection we define a contravariant connection and its torsion and curvature on the 
positive-definite subbundle G+ of the Courant algebroid (TM)o © {T*M)g equipped with an 
twisted bracket. The definitions are the contravariant analogue of those given by Hitchin for 
the standard Courant algebroid TM © T*M [15]. 

Contravariant connection Let Z) be a bilinear map D : r(T*M© (7+) —>• r(C'+) dehned by 

Z)g(u) := 7r+([C",'«]ij), (3.16) 

where ^ G r(T*M) and u G r(C'+). Then, the following properties are satisfied 

Df^{u) = fD^{u), (3.17) 

D^ifu) = fD^iu) + (4/)u, (3.18) 

for any smooth function / (For a proof, see appendix |Bj). Hence, the map D defines a con¬ 
travariant connection ()2.6I) on the bundle G+. 

Furthermore, we can show that D is compatible with the canonical 0(d, (i)-invariant inner 
product ()3.ip : 

Ci:{u, v) = {D^{u),v) + {u, D^{v)), (3.19) 

for any u and v G r(C'+) (see appendix [B]l . 

Contravariant torsion The torsion associated with the contravariant connection D can also 
be defined in a parallel manner with although D is not an affine connection. For ^ and 
r] G r(T*M), we dehne the contravariant torsion r : r(A^r*M) —)• r(C'+) by 

7(C, 7) = - ([C, Ty]0)+, (3.20) 

which is actually tensorial since, with the use of the formula ()B.48p . it satisfies 

r{fi,gri) = fgf{i,ri). (3.21) 
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Contravariant curvature We define the curvature of D as a map O : T{/\^T*M) — )• r(End(C+)) 
by 


rOu = {D^Drj - DriD^ - (3.22) 

for G T{T*M) and u £ r(C'+). It satisfies the tensorial property (see appendix iB]) . 

^{fC, 9 V){hu) = fghn{(,r])u. (3.23) 

In summary, the contravariant connection as well as torsion and the curvature are consistently 
defined on 6*+. Note that in the proofs of their well-definedness, we merely utilized the properties 
(I32D and p.Sp . coming from the axioms of Courant algebroids. Thus, these constructions are 
also applicable to any Courant algebroid. To elaborate on the characteristic properties in our 
case, we next examine the local expressions of these objects with the full-use of the i?-twisted 
bracket. 

3.4 Local expressions 

In this subsection, we present the local expressions of the objects in the previous section. In 
particular, we show that the contravariant connection D on C+ is the lift of a contravariant 
metric affine connection on T*M. In local coordinates, we take the coordinate basis as {dx*} 
for T*M. Then, by applying the lift, {(dx*)’*' = dx* -|- G^^dj} are the basis of C+. 

Contravariant connection First we shall calculate the connection (I3.16P for ^ = dx* and for 
u = 

Z)rfa,i(dx^)+ = 7r+([(dx*)", (dx^)+] -k (3-24) 

We can read off the connection coefficients from Ddxi{dx^)~^ = (4x^)+ as 

rf = h? + (3.25) 

where T^ is the contravariant Christoffel symbol (j2.I7p of the contravariant Levi-Civita connec¬ 
tion, and jg the i?-flux. 

To show this, we note that the bracket in the first term in (I3.24p is evaluated by using (13.3p 

M 

[dx* - dx^ + G^di] 

= dkO^^dx^ + - e^\dmG^^) - - G\die^^) - G^{die^^)]dn. (3.26) 

Acting the projection 7r+ on the above expression and noting (I3.15p . which implies 7r+(dx^) = 
^(dx^)'*' and 7r+(G”’^(9n) = \{dx^)^, the first term of the connection coefficients (I3.24p is nothing 

For computational details, see appendix I bI 
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but the contravariant Christoffel symbol (I2.17p : 


7r+([(dx*) ,{dx^)^] 

= \[dkO"^ + Gnk{0'^^dmG^^ - O'^^dmG^^ - O'^^dmG^^ - - G^^dmO^'^)]{dx^)+ 

=^{dxY- (3.27) 

Note that the metric compatibility ()2.12p of V is equivalent to (I3.19p . Thus, when the i?-flux 
is absent, the contravariant connection D on (7+ is the lift of the contravariant Levi-Civita 
connection V on T*M. 

Since R in (|3.24l) is a trivectoi@, R = A dj A dn, we can straightforwardly evaluate 

the second term of (I3.24P as 

= TT+{R^^^dn) = R^^^GnkTT+iG^^di) = ^R^^^Gnkidx^ ■ (3-28) 

In summary, we obtain the explicit form of the contravariant connection on (7+ as 

D,Adx^)^ = + ^R^^^Gnk^ {dxY- (3.29) 

It is the lift of a contravariant metric affine connection on T*M. 


Contravariant torsion The components of the torsion tensor (I3.20p is obtained by computing 

f{dx\dx^) = fl^{dx^)^, (3.30) 

and is written in terms of in (|3.25p as 

fi^ = T^ -ti^-dk9^R (3.31) 


This implies that the torsion tensor of D is also the lift of the torsion tensor T (I2.1UD of the 
contravariant affine connection V. In fact, from (13.251) we have 


^k = i^k - ^k - dkO^') + R'^'Gnk 
= R'^^Gnk, 


(3.32) 


where (j2.19p is used. Thus, the contravariant Levi-Civita part of the connection does 
not contribute to the torsion r, whereas the i?-flux does. This is parallel to the case of the 
standard generalized geometry, where an 77-flux appears as the torsion of the generalized Bismut 
connection m- 

^®Because R is written by a local bivector potential as R = dePa = [d, Pa]s, its components are also written as 


R'^" = e^^^drnp'ii + O^'^dmPiP + 0^'"dmP2" + PT dmO"^ + PT -b P^ 
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Contravariant curvature The components of the curvature tensor (|3.22l) are found by 


Q{dx^,dx^){dx^)~^ = (3.33) 

and are written in terms of p.25p as 

^kij ^ 0imQ^fjk _ QjmQ^jik _ ( 3 . 34 ) 

Of course, for the case of a vanishing i?-flux = 0 in (I3.25p b this reduces to the contravariant 
Riemann tensor p2.25p : 

j^kij ^ Qirng^^jk _ gjmg^^k _ g^gi^^f + - f (3.35) 

The remaining terms in (I3.34p should be written by a combination of tensors. Explicitly, we 
hnc0 

^kij ^j^k^ ^ 1 Gnl + \Gnm (g gg) 

Generalized contravariant Ricci tensor and Ricci scalar Since the index structure of 
is the same as the contravariant Riemann tensor, we define the corresponding Ricci tensor 
and the Ricci scalar in the same way as (I2.26p and ()2.27p . respectively, prefixing the term 
“generalized” with them: The generalized contravariant Ricci tensor fiO' obtained from (|3.36l) 
as 


=Rkj + ^^^Ri^^Gnl + ^Gnm ( 3 , 37 ) 

with R^^ being (I2.26P : the generalized contravariant Ricci scalar Cl is given by 

Cl :=GkjCl’^^ = R-^R^, (3.38) 

where R is given in p2.27p and R^ denotes 

R^ = GiiGjmGknR^^^R'^"- (3.39) 

Thus the generalized contravariant Ricci scalar Cl is given by a sum of the contravariant 
Ricci scalar R, and the square of the R-flux. Since the contravariant Levi-Civita part is defined 

independently of the presence of R-fluxes, we may consider a particular case of R = 0 without 

any problem. The outcome p3.38p has the same structure as the generalized Ricci scalar obtained 
in standard Generalized Geometry, where the generalized Ricci scalar consists of the ordinary 
Ricci scalar and the square of the R-flux, see appendix 1X1 

^®See, Appendix iBl 
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3.5 Invariant measnre 


Towards the construction of an action for a gravity theory that is relevant to our geometry, we 
would like to determine an appropriate invariant measure, or equivalently a volume form. In 
this subsection, we argue that if the Poisson manifold M is unimodular, there is a measure such 
that the integrations of scalar functions are invariant under /3-diffeomorphisms. 

To clarify this, we shall recall first the notion of an invariant measure in the ordinary general 
relativity. If we assume that the n-dimensional manifold M is orientable, we can always choose 
a volume form (nowhere vanishing top form) S G r(A”T*M), written in local coordinates, 

S = pdx^ A • • • A dx^. (3.40) 

Under a diffeomorphism generated by a vector field X = it transforms as 

= d{ix^) = di{pX^)dx^ A • • • A dx^. (3.41) 


which is a total divergence (d-exact top form). Hence, the integration of a scalar function / 
(i.e., pf is a Lagrangian density) over the manifold M is diffeomorphism invariant 


/ Cx{T.f)= [ di{pX^f)d^x = 0, 
JM J 


(3.42) 


provided that the surface integral vanishes. In particular, if X is divergence free, div-^X = 
^di{pX^) = 0, the volume form S itself is invariant. On a Riemannian manifold M equipped 
with a metric G, it is conventional to set 


p = VdetG. 


(3.43) 


In our case of the gravity on a Poisson manifold, we would like to introduce a volume form 
S such that its /I-diffeomorphism C(X reduces to a total divergence. However, it is in general 
impossible to find such S, because C(X is not necessarily d-exact. Explicitly, we have 

C(X = -i9i(pr )C,S + (3.44) 

and we immediately recognize that the relative sign prevents the right-hand side from being a 
total divergence. 

It is known that the modular class of a Poisson manifold M is an obstruction to the existence 
of a volume form on M, which is invariant under the action of Hamiltonian vector fields [29], 
see also [30] and references therein. Since a Hamiltonian vector field Xf = —def is a particular 
case of the /3-diffeomorphism, it is natural to expect that there is a desired volume form when 
the modular class is trivial. We show that this is indeed the case. 


Modular class Given a volume form S as (|3.40|1 . by applying the formula (j3.4ip to a Hamil¬ 
tonian vector field Xp = —dgf = 6{df), we have 

£x,E = Xs(/)S, Xj,if) = --d,{p9^^)d,f. (3.45) 

p 
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Since / is arbitrary, it is shown that defines a vector field, called the modular vector field, 
locally represented as 

(3.46) 

Let Si be another volume form. Then, since it can be written as Si = e^S for some function 
X, the corresponding modular vector field is given by 

Xsi = Xs + dex- (3.47) 

It is also shown that dgXs = 0. Therefore, its cohomology class [Xs] S Hg{M), called the 
modular class, in the first Poisson cohomology is independent of the volume form |29j . 

Proof. The left hand side of the equation Sx^Si = Xsj(/)Si becomes 

Cxf^i = Cxfie^^) = {CxfX)e^^ + e^^iCxf^) 

= 9{df, dx)Si + Xs(/)Si = (Xs(/) - 9{dx, df)) Si 
= (Xs + d,x)(/)Si. (3.48) 

This shows the first assertion ()3.47p . Next, the equation 

Xs({/,5})S = £xi,„iS = [Cxf,Cx,]^ 

= Cx,Xj:{g)^ - Cx.X^im 

= (X;(Xs(5))-X,(Xs(/)))S 

= ({/,Xs(3)} + {Xe(/),5})S, (3.49) 

implies that the vector field X-^ generates an infinitesimal flow preserving the Poisson bracket. 
It means that 0 = Cx^9 = deX^,- q.e.d. 

Note that the equation (I3.44p is rewritten by using the modular vector field as 

= (ic^s + 9^^diCj) S. (3.50) 

Unimodular case In general, a Poisson manifold M is called unimodulaJ^. if its modular 
class vanishes, [Xs] = 0. In this case, a modular vector field is always dg-exact, that is, X^ = dgcf 
for some function (f on M: 

= -^diip9^^)dj = -9^^di(fdj. (3.51) 

Let Si = e“'^S be another volume form induced from S. Then, according to (|3.47p . the 
corresponding modular vector field vanishes: Xsj = Xs — dgif = 0. Hence, Si is invariant 
Cxf'Pi = 0 for any Hamilton vector field Xj. 

is different from the unimodular condition \/—g = 1 used in the unimodular gravity. 
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Moreover, we observe that the same volume form Si transforms as a total divergence under 
a /3-diffeomorphism. Indeed, by applying (|3.50l) for Si, we have 

£<^(Si) = 

= di{p6^^e~^(j)dx^ A • • • A dx^, (3.52) 

where we used 

= di{p0^^)e-‘^Cj - pO^^di^e-^Cj + pO'^e-^d^Cj 
= p0^^e-^diCj, (3.53) 

following from (|3.51l) . Hence, the integral dehned by the measure Si is invariant under /3- 
diffeomor phisms. 

Since in our case, a unimodular Poisson manifold M is also a Riemannian manifold equipped 
with a metric G, we choose the Riemannian volume form p = Vdet G in S. Then, our invariant 
measure is 


Si = e det Gdx^ A • • • A dx^. (3.54) 

The integration of any scalar function / with this measure is invariant under both diffeomorphism 
and /3-diffeomorphism. This factor e~'^ is a reminiscent of the dilaton field. However, it should 
be determined by the partial differential equation 

0^^dict) = ^ a^(VdetGg^^'), (3.55) 

vdet G 

which follows from (j3.51[) . The existence of the solution is guaranteed by the unimodularity. 

As a special case, we consider a symplectic manifold, which is a unimodular Poisson manifold. 
In this case, (I3.55P reduces to 

dk<t) = -GijdkG^^ + 0Jk^di0^G (3.56) 

For the case of a Kahler manifold in particular, it would be an interesting question how this 
scalar field (j) controls the balance of the metric and the symplectic form. In [Ma], it is also 
shown that a Riemann-Poisson manifold is unimodular. 


3.6 Einstein-Hilbert-like action and others 


Since we have obtained both the generalized contravariant Ricci scalar H (13.381) and the invariant 
measure Si (j3.54l) . an Einstein-Hilbert-like action can be written as 


S[G,/3] 


J d^xe '^-y/detGij 



(3.57) 


where R is the contravariant Ricci scalar and R is the R-flux obtained in the preceding sub¬ 
sections. As argned previously, this action is invariant under /3-diffeomorphisms. Moreover, 
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it is also invariant under /?-gauge transformations. This is because a /3-gauge transformation 
can only affect an i?-flux, but it keeps R invariant, as mentioned below (13.91) . Thus we have 
obtained a kind of gravity theory that consistently couples with an ii-flux. By construction, the 
dynamical variables of this theory are the metric G and the local bivectors j5a- 

As in the case of ordinary gravity, this choice of action is just the simplest one. More 
generally, any scalar (other than 0) is allowed to be utilized in the construction of an action. 
Since there is the Poisson tensor 0*-^ in addition to the metric Gij, the number of possibilities 
to make scalar quantities is much greater than that in the usual gravity theory. Furthermore, 
if the inverse of the Poisson tensor exists, the degrees of freedom of making a scalar increase 
tremendously. For example, multiplying twice on the contravariant Riemann tensor 
(j2.52p yields the ordinary Riemannian tensor (plus other terms made of the contravariant 
contorsion): 


^ai “bj 

=C + (VnC)^r" + CVfcA'p - 



(3.58) 


This tensor can also be used to construct the action, which might be interpreted as a deformation 
of the ordinary gravity theories including the ordinary Einstein-Hilbert action. Of course, which 
action it favors depends on the situation. This will be clarified by studying classical solutions 
of the theory and their geometry, or relations to other theories such as string theory. 


4 Conclusion and Discussion 

In this paper, we studied the Riemannian geometry on a Poisson manifold, first in the framework 
of a geometry based on the Lie algebroid {T*M)g of a Poisson manifold and then in the framework 
of the Poisson Generalized Geometry based on the Courant algebroid {TM)q 0 {T*M)g. We 
found the consistent definitions of the contravariant versions of the connection, torsion and the 
curvature tensors in both frameworks and established the relationship between them. It is worth 
noting that the R-flux appeared as a contravariant torsion tensor. Then we showed that gravity 
theories coupled with R-fluxes can be constructed. In particular, using the contravariant Ricci 
scalar Q, which is a sum of the contravariant Ricci scalar R and the square of the R-flux as 

n = R-^R^, (4.1) 

together with the invariant measure on unimodular Poisson manifolds, we constructed the 
Einstein-Hilbert-like action 

S[G,P] = j d"xe-VdetG(^R- (4.2) 

which is invariant under both /3-gauge transformations and /3-diffeomorphisms. 
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Comparison with ordinary gravity The structure of the results obtained above is the same 
by construction as those in the case of the standard Generalized Geometry. There, the ff-flux 
appears as a torsion tensor and the generalized Ricci scalar is a sum of the ordinary Ricci scalar 
R and the square of the ff-fluxes: 

0 = R - (4.3) 

where the Ricci scalar R is the one constructed from the Riemannian metric gij and = 
HijkHimn Appendix [^. The resulting action is that of the NSNS sector of the 
supergravity theorjo 

'S'NSNsbj-B] = y dx^y^det^^R -(4.4) 

which is invariant under both R-gauge transformations and diffeomorphisms. 

Although these two theories, S[G,(3] and SnsnsISj^]; are similar in their structures, they 
are definitely different in many ways. The differences stem from the difference between two Lie 
algebroids {T*M)e and TM, and the two different Gourant algebroids {TM)q 0 {T*M)g and 
TM ® T*M. In particular, i?-fluxes and R-fluxes are generically independent notions. The 
difference becomes more apparent if we switch the description of an i?-flux via the R-twisted 
bracket to the description via the R-twisted Gourant algebroid E (see (I3.10p ). An R-flux also 
has such a description by an R-twisted Gourant algebroid E'. These two algebroids E and E' 
are different as vector bundles, since E is glued by local /3-gauge transformations, while E' is 
glued by local R-gauge transformations. Thus there is in general no way to relate both of them, 
except for imposing a particular constraint on the geometry on M. 

Nevertheless, it is meaningful to compare the two theories, when we focus on the gravitational 
part only. This makes sense because the metric structure is independent of whether the fluxes are 
present or not, as explained in the beginning of section 3.2. In particular, we shall assume that 
the Gourant algebroid is twisted by a trivial element of the Poisson cohomology, or equivalently, 
the R-twisted bracket is given by R = dgjd with a global bivector /3. Then, we can come back to 
the bundle (I3.12h parametrized by G T /3. Similarly, if the R-flux is trivial in a sense similarly 
as discussed above, C+ is given by a graph associated with a map g + B \TM ^ T*M, 

C+ = {X + {g + B){X)\XeTM}, (4.5) 

where R is a global 2-form. 

Now we recall the argument in [T]. Since the definition of the subbundle (7+ depends only on 
the bundle and the bilinear form, a generalized Riemannian structure of the Gourant algebroid 
{TM)o 0 {T*M)q is equivalent to that of the standard Gourant algebroid TM (BT*XI. In other 
words, these two Gourant algebroids share the same generalized Riemannian structure (7+. The 
two representations (I3.12p and (|4.5p of (7+ are related by 

G + f3 = {g + B)-\ (4.6) 

ignore the dilaton term. 


23 










Thus, it is possible to compare the two theories S'fG, /3] and S'NSNsb) B] through this relation. 
Note, however, that the Poisson tensor 6 does not appear in this relatior@. One possibility is 
to treat the Poisson tensor as a matter field as in the argument in 112.41 

Future directions To understand the dynamics of the theory, we need to investigate the 
equations of motion, and to analyze their classical solutions. Solutions of particular interest 
are the analogue of the fundamental string solution and the NS5-brane solution that should 
be charged under the i?-flux, since such objects are speculated to exhibit exotic geometrical 
properties |33H43j . An open question is whether our framework provides a geometrical meaning 
for those non-geometric objects. 

It is also interesting to study the concept of T-duality within this theory, together with the 
Kalza-Klein reduction. As shown in [2], at the topological level, the Q-fluxes appear in PGG 
when the spacetime M is non-trivially fibered by At the level of the Riemannian geometry, 
this information should be included in the contravariant scalar curvature term in the action. 

There is another open question about the status of the Poisson structure. By construction, 
in this paper we assume that the Poisson structure is given before a Riemannian metric is 
dehned. The resulting equation of motion of the gravity theory determines the metric for a 
fixed Poisson structure, rather than being determined simultaneously. Note that our setting 
is close to the concept of the non-commutative geometry. In general, a Poisson manifold can 
be regarded as the semi-classical approximation of a non-commutative space, that is, a Poisson 
tensor is a part of the characterization of a space. Hence, by applying Kontsevich’s deformation 
quantization |441I45| , it is natural to expect that the gravity theory in this paper might be lifted 
to a gravity theory on a non-commutative space. In this sense, it is interesting to compare our 
theory with the work of |46] . or with the emergent gravity approach in matrix models |47H49] . 

Comparison with other approaches We give a few comments on the relationships to other 
approaches to gravity theory with non-geometric fluxes. 

The approach [9] is conceptually similar to the content of §2 of this paper. The authors 
consider a quasi-Poisson version of our Lie algebroid {T*M)g and regard their R-flux as the 
violation of the Poisson condition due to the quasi-Poisson structure. Based on these notions of 
geometry, they construct the contravariant Levi-Givita connection and obtain an action, which is 
invariant under their /3-diffeomorphisms. Their action is equivalent to (|4.4I) by a field redefinition 
G + P to g + B, for the symplectic case. In particular, eq. (4.23) of [9] is formally the same as 
ours (j2.17p . if we identify their /3 as our 9. 

The series of papers by Andriot et.al. |10ll43l[50ll55] is conceptually very different from ours, 
because their formalism is based on the double field theory (DPT) approach (see |56H60] for 
DPT.). They consider differential geometry on the doubled space and construct a connection. 
The resulting theory is a sum of the ordinary and the dual Ricci scalar plus non-geometric 

^^Note that there is also another relation of two Riemannian metrics G and g including the Poisson tensor 0 
appears in a different situation, where both descriptions are in the the same Courant algebroid TM®T*M. 
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flux terms, which is manifestly invariant under the ordinary diffeomorphism. By dropping the 
dependence on the dual coordinates, their outcome is also equivalent to (lOD [TO]. In this 
approach, there are also similar formulae to ours. In particular, eq. (24) in |2I] is formally 
the same as our (j2.17p . our relations (2.46) and (2.47) are given in (1.26) of [10] and it is also 
suggested that our (2.48) corresponds to (3.13) of if we again identify their 13 as our 9. 

However, there are significant differences between the work mentioned above and our con¬ 
struction that can be summarized as follows: In both approaches, |9| and [in (l43[[TOI154j our 
Poisson tensor 9 is replaced by a (not necessary Poisson) bivector (3. This causes a break¬ 
down of the Lie algebroid structure of {T*M)g. As a result, they need to introduce a rather 
complicated definition of /3-diffeomorphism and the notion of /3-tensors. We expect that our 
construction in this paper should have clarified this point and achieved an improvement in 
geometrical understanding. 

Furthermore, it should be noted that their definitions of Q- and i?-fluxes, are different from 
ours. In both approaches, a bivector /3 plays the role of a source of such fluxes. For example, 
they are defined in ISP as 

jlijk ^ ^ Qk^ = (4.7) 

and by dropping the dual derivative, they are equivalent to those in m- ^ijk 

appears in the 

commutator of the connection, and appears in the skew-symmetric part of the connectior 0 . 
This suggests again that their fluxes correspond to the gravitational part of our theory (§2 in 
this paper), by the replacement of our 9 with their /3. If /3 = 0 is Poisson, then = 0, which 
is guaranteed by the Poisson condition [9, 0)5 = 0, and the above is nothing but the skew- 
symmetric part of our contravariant Levi-Civita connection. As a result, it is not clear whether 
an i?-flux in their definition is a gauge field strength like an iL-flux, and it is not explained why 
the combination of the Ricci scalar and the R-square term appears. 

On the other hand, in our approach, the roles of the Poisson tensor 9 and the bivector 
potential /3 are independent of each other, and the R-flux is treated in the same way as an 
iP-flux. That is, our i?-flux is independent of the gravity part (i.e. the contravariant Levi-Civita 
connection), but is combined with the gravity as a torsion when considering a connection on 
C+. This explains the combination above as a generalized Ricci scalar, although the physical 
meaning of 9 is still unclear. In our approach, a Q-flux appears also in the different places: it is 
associated with the Kaluza-Klein reduction of a metric |2|. 

Another but the most important difference lies in the point where they consider that the 
theories should be equivalent to the ordinary gravity theory with an H-fiux, whereas we do not 
assume such an equivalence. However, rather than focusing on such differences, in our opinion, 
it would be better to pursue the study of their similarities more concretely. For example, the 
formal coincidence to the formula (24) in [51] . mentioned above, suggests that our contravariant 
Levi-Civita connection can be lifted to the DFT framework. Then, it is interesting to see how 

^^These points are clarified in communication with David Andriot. 

In |431I51 |. a differnt definition of a Q-flux is given, in terms of fiat indices. 
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our ii-flux is lifted under such a scenario. After lifting to the DFT framework, it would be 
possible to compare these approaches with ours in more detail. 
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A Riemannian geometry based on Generalized Geometry 

Here we review on the Riemannian geometry in the framework of the standard generalized 


geometry, based on the Courant algebroid TM ® T*M. For more details, see [13]. 

A.l Courant algebroid TM © T*M 

The Courant bracket in the standard generalized geometry is defined by 

[X + ^,Y + rj] = [X,Y] + Cxr] - Tvi - ^d{ixV - ivC), (A.l) 

where A, F G T{TM) and C ^ £ r(T*M). For u = Xv = Y + rj and a 2-form B, it is shown 
that 

[e^iu), e^{v)] = [u + B{X),v + B{Y)] = e^{[u, u]) + iyixdB. (A.2) 

Thus the bracket is invariant under the R-transformation with a closed 2-form, dB = 0. In 
general, in the case of dB ^ 0, it acts as a shift H ^ H + dB in the R-twisted bracket 

[u, v]h = [u, u] + iyixH- (A.3) 

The Courant bracket satisfies following relations, 

[u, fv] = f[u, v] + i/:xf)v - df{u, v), (A.4) 

Cx{v, w) = ([u, u] + d{u, v),w) + (u, [u, tc] + d{u, w)), (A.5) 

ior u = X + V = Y + r] and w = Z + Q, which are the analogues of (|3.7p and (j3.8p . 


A.2 Generalized Riemannian geometry 

Let Cy be a generalized Riemannian structure of TM © T*M, written as a graph Cy = 
{X + g(X)\X G TM}, where g is a Riemannian metric. A generalized connection, which is 
a connection D : r(C'+) —)■ T{T*M © Cy) on the vector bundle Cy, is obtained by setting 

Dxu := Try{[X~ ,u]h), (A.6) 
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for any X G r(TM) and u = G r(C'+). Here we introduced lifts ^ as = X ± g{X) G 
r(C'±), The notations are slightly changed from [14] . It satisfies the axioms of the connection, 
and preserves the 0((i, (i)-inner product. 

The generalized torsion r and the curvature Q oi D are defined by 

t{X,Y) = DxY+ - DyX+ - ([X,y])+, 

n{X, Y)u = (DxDy - DyDx - D^x,y])^- (A.7) 

They are tensors of r(A^T*M (g) (7+) and r(A^r*M (g) End(C'+)), respectively. 

In local coordinates {x®} with the basis (dj)^ of (7+, the connection coefficient reads 

Oa(8,)+ = T'“(a„)+. T5 = rj + (a.s) 

where T^ is the Christoffel symbol of the Levi-Civita connection, that is constructed from the 
metric It shows that the generalized connection D on (7_|_ is the lift of an affine connection 
on TM, such that an H-flux appears as a deviation from the Levi-Civita connection. 

The H-flux arises as the torsion tensor, as seen from the components of the torsion tensor, 

Tj = - Yji = g Hkij. (A.9) 

The components of the generalized curvature 

- T'jT”;, (a.io) 

is written by using (|A.8p as 

+ \g'^Hnjkg^PHj,u - \g^^Hr,^kg^PHpji + - \g^^V,Huk, (A.ll) 

where is the Riemann curvature tensor 

p7n _ o -pm o pm i pZ pm pZ pm /a -i 

^kij — jk~ ik^ ^ jk^ il ~^ik^jl‘ 

Then, the generalized Ricci tensor is obtained by taking a contraction: 

:= = Rfcj - \g'"H^mkg^^Hpji + ^g^WmHijk, (A.13) 

with the Ricci tensor R^-j, and the generalized Ricci scalar is given by 

H := g’^^Qkj = R - (A.14) 

where R is the usual Ricci scalar constructed by the Riemann metric g. This form ()A.14p of the 
generalized Ricci scalar appears in the action of the NS-NS sector of the supergravity. 
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B Computational details 

Proofs of metricity (j2.12l) and torsion-less condition (|2.13p 

• Proof of (j2.12p : By the Koszul formula, we have 

2G{V^ri,C) + 2G{ri,V^C) 

=0(0 • G{r^, C) + 0{r^) • G(C, C) - ^(C) • r,) + 0(0 • G(C, r?) + 0(C) • G(C, r,) - 0(r?) • G(C, C) 

+ G^([C! ?]6») 0 ) + ^^([C) 0 ] 0 ) 0 + ^([C! 0 ] 6 », C) + G{[rj, C] 0 , C) + ^*([ 0 , C]6») C) + ^([C! C] 0 ! 0 ) 
= 20(0 - 0 ( 0,0 

= 240 ( 0 , 0 , (B.l) 

which says that V is metric-compatible. 

• Proof of (j2.13p : By using the Koszul formula again, we have 

2 O(r(O 0 ),O 

=2O(Vg0 ,0 - 20(V,,C, 0 - 20([C, 0 ]^, 0 

= 0(0 • G( 0,0 + 0 ( 0 ) • o(c, 0 - 0(0 • o(c, 0 ) - 0 ( 0 ) • 0 (C, 0 - 0(0 • 0 ( 0,0 + 0(0 • 0 ( 0,0 
+ O([C,C]^?, 0 ) + O([C, 0 ] 0 ,O + G'([C, 0 ]^.,O-G([C, 0 ](^,O-G([C,C] 0 , 0 )-O([ 0 ,C]^.,C) 
- 2 O([O 0 ]^.,O 

= 0 , (B. 2 ) 

for arbitrary C, 0 and C, which shows that T = 0 . 

Proofs of the Bianchi intensities (|2.23l) and (|2.24p For the curvature for a contravariant 
affine connection V, together with the torsion tensor, we have the Bianchi identities: 

• First Bianchi identity (I2.23p : Since T'(C, 0 ) = Vg 0 — V^C “ [C, 0 ] 6 @, we have 

Vc[r(C, 0 )] = 440 - 44C - (r(c, [C, 0 ]^ + V[^,,],C + [C, [0 0 ]^^]O- (b. 3 ) 

Then we find 

4[r(o 0 )] + 4 [r( 0 , 0] + 4[T(C, 0] 

=R{C, C )0 + m, 0 )C + -R( 0 , OC - (r(C, [C, 0 ]O + [7?, C]0 + ^( 0 , [C,OO), (b.O 

where we used the Jacobi identity [C, [i-,fi\e\e + [C, [ 0 , Cleje + [ 0 , [C,?] 6 »] 6 » = 0. On the other 
hand, since T is tensorial, we also have 

4[^(e>0] = V4(O0)+44^,0)+ 4040- (b.5) 

In the case where V is the contravariant Levi-Civita, the torsion tensor vanishes, T = 0. 
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Then we find the first Bianchi identity 

R{C,Ov + mv)C + Riv,C)^ 

= v^r(e, v) + v^r(r?, C) + v,f (C, 0 + r(r(e, v)X) + nT{rj, 0,0 + t{t{c, o, 0- 

(B.6) 

• Second Bianchi identity ()2.24j) : Noting 
Vc [^(0 0 ^^] = 0 )^^ + ^(0 

= (V^V^V,, - V(;Vr,V^ - R{C, [(,ri]e) - (B.7) 

we obtain, with the use of the Jacobi identity, 

[Vc(j?(0 0) + 0) + vo^(C, 0)]w = -[^(c, [0 vh) + m, h CIO + Riv, [C, C]0]^- 

(B.8) 

Noticing that V^(-R(C, ??))w = V^-R(C, ??)w + -R(V0, v)^ + -^(C, tensorial, we 

find the second Bianchi identity 

(v<^i?(C, 0 + v^^(77, C) + v^i?(C, 0)w = (^(C, t(C, v)) + m, t{v, 0) + R{v, t{C, m^- 

(B.9) 

Transformation law for (|2.38l) The contravariant derivative of a 1-form is given by 

V\=d\+rfr]k. (B.IO) 

By a /1-diffeomorphism, we have 

V'O' =90'(B.ll) 

where rj'j = rjj + C(^rij- If we write f = f+ -|- 0f+, then it reduces (at the linear order in 0 

V'O' = + Off %• (B.12) 

On the other hand, we demand that it transforms as a (1, l)-tensor. That is, 

V'O' =V0i + fc(V0i). (B.13) 

Then, O+f should be determined by 

Off % = £c(VOO - (B.14) 

We now compute the right hand side. 

From the transformation law of a (1, l)-tensor, 

^c(VOi) = Qkd\y\) + M^^^Vk) - 

= Ckd'^idk + Tki) + Mkd% + rfm) - Ml{d% + rf 

= Ckd’^d\ + Ckid^Tki + rjOOz) + M^d^k + ftm) - Mi{dk, + ffm) (b.i5) 
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On the other hand, we have 


V\£^Vj)=d\C^Vj)+rf{CcVk) 

= d\Ckd^iij + r^kM^) + rfiCid^rjk + ViMI) 

= dXkd% + Ckd^d\ + + ff{Cid% + ^Mi) (B.16) 

From these expressions, (|B.14I) is written as 

= Ckid^d^ - d^d^)rij - dXkd% - 

+ (^Ckd^tf + - Mirf - miff - 9*Mj) r]u (B.17) 

but the first line vanishes (see below) and we finally obtain 

S^ff = Ckd^ff + M^ff - Miff - Miff - d^Mf (B.18) 

We show that the first line in ()B.17p vanishes. By using = —{d^C,k + dkO^^Q), we have 

Ckid^d^ - - d%d% - Mld% 

=Ci ((<9'9* - d^d% + dkO^d^r^fj . (B.19) 

By noting that 

(9^a* - d^d^)r)j = e^^dnie^^dmVj) - e^'^d^iO^'^dnVj) 

= e^^dnO^^dmVj - 0^"^dme^^dnr]j 
= - e^^dne^'^)dmVj, (B.20) 

we thus have 

Cl ((9'9* - d^d% + + dn9^^e^^)dmVj 

+ e^^dn9^fdmr]j 

=0, (B.21) 

due to the Poisson condition. 

Contravariant derivative of a tensor field (12.371) To show that claim, transforms 

as a (r, s)-tensor again, define the difference as — V^, where is a affine contravariant 

derivative. Then, by using and (12.331) and (I2.37p . we have on an (r, s)-tensor T, 

(A:r)";;'‘' = ^ [-m\’ + ff"a) 

p=l g=l 

By using (I2.35P V^Cjg = d\jq + the term inside the bracket becomes 

- < + = »'o,+ 

= v'c„ + 9j.9“a + (r“ - f“) a 

= V'O, - T^ik- (B. 23 ) 


-M +f 

JQ 


Cfc) 




(B.22) 
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Therefore, we can simplify the result as 




(B.24) 


p=i 


q=l 


Since or equivalently is a tensor, this expression is a combination of tensor fields only. 
Thus, the claim is shown. 


Proof of 112 : 5 ^ By using (|2.46l) . we compute preliminarily 

{dnO^^)ff = {dne^^)(T^pi9P^ + Kf), 

P^fr = + KD- 

Gathering these stuff, we find that the contravariant Riemann tensor in (|2.25l) results in 


(B.25) 

(B.26) 

(B.27) 


j^k^j ^ ^ Y^^^gnj^rngpi _ Y>^^0mY^^gpj ( b _ 28 ) 

+ e^^dmKi’^ - e^^dmKf^ + vi^e^^Kr - Ki^r^iBP^ + Ki^v^iOP^ - (B. 29 ) 

+ - rt ^ r :/™ - {dnOPivhep^ + Kf). 


The hrst line (|B.28p is resulted in the celebrated Riemann curvature tensor: 


dEMI) = - r^r^n) = 


where in our notation it is defined by 


pfc _ pi -pk _ a -pfc I -pp pfc _ pp pfc 

^Imn In Im ' ^ In^ pm ^ Im^ pni 


as usual. The second line (IB.29P is rewritten in terms of covariant derivatives as 

SKm = e^^VnKi'^ - - e^^VnKl^ + 

Hence, so far the contravariant curvature is summarized as 


(B.30) 


(B.31) 


(B.32) 


(B.33) 


j^kij ^ Qimgnj^k^^ ^ nKf^ - + K^rl^K^ - K^^Kf 


+ 0 ^" + Kp) - + e^^p^Kr. 

(B.34) 

The second line in this expression still has terms involving the partial derivatives and the 
Christoffel symbols, but it turns out to be reduced to a covariant tensor 

(second line of (TrM I = - TP9^^)Kp = -{Vn9^^)Kp. (B.35) 

Here we used (j2.4ip . which is equivalent to the Poisson condition. Finally, we obtain the result 
^kij ^ gimgnj^k^^ _ (y^gV^J^nk ^ gnj^^yk _ gniy^j^jk ^ ym _ (B.36) 
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Proofs of (|3.7|) and (13.8|) In this paragraph, we denote f,g ^ C°°{M) and u = X + 

v = Y + rj,w = Z + ( Gr(TM0 T*M). To show the desired relations, we preliminarily list the 
formulae following by definitions and from some manipulations: 



(B.37) 


(B.38) 

= fl^X + {l^X)def, 

(B.39) 

C^{fg) = iC^f)g + fC^g, 

(B.40) 

4(/C) = /4C + (4/)C, 

(B.41) 

4(/x) = /4x + (4/)x, 

(B.42) 


where we used dg{fX) = dgf A X + fdgX. With these preliminaries, first, (13.71) is shown by 

+ e, f{y + d)] = + ri)] - y(fg)X + \dg{i^fr,)X - mfv)) 

= fC^{Y + r?) + {C^f){Y + r?) - - mx)def + \fde{lr,X - l^Y) + ]^{def){lr,X - l^Y) 

= f[X + i,Y + g\ + {C^f){Y + 77 ) - {def){X + ^,Y + r,). (B.43) 

Second, the equation (13.8p is shown by 

([u, u] + dg{u,v),w) + {v, [u,w] + dg{u,w)) 

= {C^V — IrjdgX — dglr^X + dglrjX, w) + {v, [u, w] + dg{u, w)) 

= {C^{Y + r])- IndeX, w) + {v, [u, rc] + dg{u, w)) 

= + lC^t] - L^L^dgX) + + lyY^C - lYQdgX) = ]^C^{lcY + Izd) = C^{v,w), 

(B.44) 

where we used t^Y^Y + = ^c(i'C^)- 

Proofs of (I3JTD and (l3J^ We denote ^ G r(r*M), ?“ = ? - G(0 G r(C_), u = X + C G 
r((7+). By definition and ()3.7I) . we obtain 

D(f^)U = Tr+{[fC,u\R) 

= '^+if[C,u]R - + def{C,u)) = 7r+{f[C,u]) = fD^u, (B.45) 

where we used 7r+(^~) = 0 and {^~,u) = 0. Similarly, we hnd 

Dj:{fu) = 7r+{[C, fu]R) 

= T^+ifiC^ulR + {£^f)u - def{C,u)) 

= '^+{f[C,u]R) + {£^f)u = fD^u + (£g/)u, (B.46) 

where 7r_|_(u) = u is used. 
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Proof of (|3.19p By using (|3.8I) for u = ^ (note the footnote after (13.811 h we have 


C^{u,v) = ([C'ju] + de{C,u),v) + {u, +d 0 {C,v)) 

= {[C,u],v) + {u, [C'j'y]) 

= (7r+ [C,u],v) + {u,7r+ , -y]) = {D^U, v) + {u, D^v). (B.47) 

Proof of (|3.23p First, by combining the results ()B.37p . ()B.38p and (IB.4ip . we find 
= [fi,gri\B 

= f^dav) - (^(gr,)/)C 

= + f{^^g)g - g{^vf)^ = fai^, v] + f{^^a)g - gi^vf)^- (B.48) 

Second, from (I3.17P and (I3.18P we obtain 

Df^Dgr^{hu) = fD^{ghDgU + {gCgh)u) 

= f{Cdad)DgU + ghD^DgU + C^{gCgh)u + {gCrjh)Di:u), (B.49) 

with u = C"*"- Hence, on one hand, we hnd that 

(Df^Dgg — DggDf^){hu) 

= f{Cdgh)DgU + ghD^DgU + Cda^rjh)u + {gCgh)D^u) 

- g{Cg{fh)D^u + fhDgD^u + Cg{fC^h)u + {fC^h)Dgu) 

= fgh{D^Dg - DgD^)u + fh{C^g)DgU - gh{Cgf)D^u + fCda^h)u - gCg{fC^h)u, (B.50) 

and on the other hand, 

^m,9ri]dU = Dfg[^^g^J^f(^C^g^g_g(^Cr,mdU 

= {faD[^,v] + fi^^a)Dr^ - g{Cgf)D^)hu 

= fghD[^,g]U + fh{C^g)DgU - gh{Cgf)D^u + f{C^g){Cgf)u - g{Cgf){C^h)u + f g{Ci^^g\h)u. 

(B.51) 

This shows 

- ^gv^K “ ^m,gv])(.du) = fgh{D^Dg - DgD^ - D[^,g])u. (B.52) 

Proof of fl3.26|l The bracket in p3.26p is computed by (I3.3p as follows: 

[dx* - dx^ + &^di] = [dx\dxde + id^idei&^di) + id^jde{G^^di) + deG^d (B.53) 
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Each term results in 


[dx^,dx^]e = dkO^^dx^, (B.54) 

id,ide{&^dl) = idA\o"'"dm A dn,&Al]s 

= &Al]s Adn- [dn, &^dl]s A 

= e^^idmGAdn - e^\dmGAdi - G^^{di9Adn, (B.55) 

ia,,de{AAi) = e^^{dmA^)dn - 9^^{dmG^^)di - A\di9ndn, (B.56) 

doG^^ = -9{dA^) = -9^\dkA^)di. (B.57) 

Hence the bracket reads 

[dx^ - G^^dk, dA + AAi] 


= dk9^Ax^ + [9'^'^{dmGA - 9^\dm,A^) - 9^^idmGA - A\di9A - G^\di9A]dn- (B.58) 

Proof of p.36l) 

4(0fb- _ ^ 29^^dAR^^"Gni) - 29^^dAA’‘"Gni) - 28^9^^R^'^^Gmi 

+ 2ri^R^^^Gnl + 2W^^GnmTr + Gn'l 

r\Y^ik jyjmnnj^ikn/^ ■pj'^ -nikn/^ jyjmn' 

— ll Lfnl — ^ ^n'l 

= 2{Vd,iA^^)Gni - 2{Vd,iAAGni - 2dn9^=R^^^G^i 

I OF'^? rymkri^ OF?^ rymkn/^ i -njkn^ jyimn'-nikn/^ -njmn' 

+ ^nl — ra^ ^nl + ^ ^n'l “ ^ ^n'l 

= 2iVa,iA>^^)Gnl - 2{Vd,jAAGnl - 2dn9^^R^^^Gml 

I nij 'nmkn/^ , ryjkn/^ j^imn' j^ikn/^ r^jmn' 

\ ^ ^nl ' ^ ^n'l ^ ^n'l 

= 2{Va.iA’^nGnl - 2{Va.,AAGnl + A'^^GnmA^^'G^n - A’^^GnmR^^^'Gn'l 

where we used 

9^^dAR^^"Gnl) = Vrf,. {R^’^^Gnl) + T^R^’^^Gr^l + r^A^^Gni - TAA’^^Gnm, (B.59) 
and - til = dm9^A 
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